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Symbolic dynamics, which partitions an infinite number of finite-length trajectories into a finite 
number of trajectory sets, describes the dynamics of a system in a simplified and “coarse-grained” 
way with a limited number of symbols. The study of symbolic dynamics in 1D chaotic map has 
been further developed and is named as the applied symbolic dynamics. In this paper, we will 
study the applied symbolic vector dynamics of CML. Based on the original contribution proposed 
in Refs.[6], we will study the ergodic property of CML. We will analyze the relation between 
admissibility condition and control parameters, and then give a coupling coefficient estimation 
method based on the ergodic property. Both theoretical and experimental results show that we 
provide a natural analytical technique for understanding turbulences in CML. Many of our 
findings could be expanded to a wider range of application. 
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Symbolic dynamics, which partitions an infinite number of finite-length trajectories into a finite 
number of trajectory sets, describes the dynamics of a system in a simplified and “coarse-grained” 
way with a limited number of symbols[1]. Today, the study of symbolic dynamics in 1D chaotic 
map has been further developed and is named as the applied symbolic dynamics. In Ref.[1], the 
applied symbolic dynamics mainly focuses on the following four aspects: 1) the relation between 
symbols and monotonic inverse chaotic functions; 2) the relation between symbolic sequences and 
chaotic sequences; 3) the relation between symbolic sequences and chaotic control parameters; 4) 
symbolic description of the ergodic property. The effective symbolic description connects the 
dynamical system theory with the study of communication, signal estimation, cryptology, etc.[2]. 
Coupled map lattice (CML), which utilizes a coarse space-time discretization and continuous state 
variable, can reproduce the essential features of spatiotemporal phenomena and has been 
investigated as theoretical models in a variety of researches, covering physics, neuroscience, and 
computer engineering [3]. Researches in symbolic dynamics have been expanded to 
spatio-temporalized and networklized areas, and thus the study of CML has become a rapidly 
growing part of symbolic dynamics[4-7]. There is one-to-one correspondence between the set of 
global orbits and set of admissible codes. As a result, CML with N sites can be fully described by 
2N  symbolic vectors.  
In this paper, we will study the applied symbolic vector dynamics of CML. Based on the 
original contribution proposed in Refs.[6], we will study the ergodic property of CML. We will 
analyze the relation between admissibility condition and control parameters, and then give a 
coupling coefficient estimation method based on the ergodic property. Both theoretical and 
experimental results show that we provide a natural analytical technique for understanding 
turbulences in CML. Many of our findings could be expanded to a wider range of application. 
Let’s consider the typical CML with N sites labeled. Each site is described by a state inx  in the 
interval [ , ]I a b=  and has local dynamics :if I I→ . e  is the coupling coefficient, 
1, 2,n = " is the time index, 1, 2,i N= "  is the lattice site index and if  is unimodal map such 
as Logistic map 2( ) 1 2if x x= −  [5,6].  
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Denote F as the product function of if onto each site, i.e., 1( )n nF +=x fx , where 
1[ , , ]N Tn n nx x=x " , 11 1[ ( ), , ( )]N Tn n N nf x f x+ =fx " . Then Eq. (1) can be generalized as the 
composition 1 1 ( )n n nA A F+ += × =x fx xD , where A is the coupling matrix of Eq. (1). 
Let H A F= D , : N NH I I→ , and then Eq. (1) can be generalized as 1 ( )n nH+ =x x [5]. 
Symbolic vector dynamics gives a strict correspondence between the set of global orbits and the 
set of admissible codes. Let’s label location of the maxima as the critical point icx  and divide the 
interval [ , ]I a b=  into two sets 1 1{ , }i i iD d d−= , where 1 [ , ]i icd a x− =  and 1 ( , ]i icd x b= . 
CML can generate symbolic vector sequence 0 1{ , , , , }n=S s s s" " , where 1[ , , ]N Tn n ns s=s "  
at the nth iteration and  
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Let 11 1n nA
−
+ += ×fx x  and 1 ( )i in i nfx f x+ = , where 11 1[ ( ), , ( )]N Tn n N nf x f x+ =fx " . When 
symbol ins  is known, the function 
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f fx x− + =  is one-to-one correspondent, because if  
is a monotonic function in every interval imd . Denote 
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the ith site and the nth iteration when ins  is known, and then 
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f fx f fx− −+ +=x " . That is, when ns  is known, the inverse function 
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1( )n n nF A
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+ =s x xD  can be confirmed unambiguously. Define 1 1 1n nH F A− − −=s s D , 
1 :
n
N NH I I− →s , and then the inverse function of CML can be generalized as 1 1( )nn nH − += sx x  
unambiguously[6]. 
Although the inverse function 1sf
−  is ergodic in I , the function H  of CML is not ergodic 
in NI . Let , 1,2{ }ij i j NB b == "  be the inverse matrix of the coupling matrix A. For any vector 
1 2' [ ' , ' , , ' ]
T N
Nx x x I= ∈x " , in order to calculate 1( ')nH −s x , we should calculate 
1 2' ' [ ' , ' , , ' ]
T
NB y y y× = =x y "  first, where 1' ' , 1, 2, ,
N
j ij ij
y b x j N== =∑ " . Consider the 
inverse functions of Logistic map 1 ( )i ii isf u s c u
− = − . When 1u > , the value of 1( )sf u−  is 
a complex number; when 1u < − , 1( ) [ 1,1]sf u I− ∉ = − . As a result, for any vector 
1 2' [ ' , ' , , ' ]
T N
Nx x x I= ∈x " , if its forward value in one step 1( ') NH I− ∉s x  with any symbolic 
vector s , this vector 'x  is a forbidden word and can not be generated by iteration of CML.  
Select an initial vector value randomly, and then iterate CML (N=2) 1000 steps. As shown in 
Fig.1(a), the red points describe the dynamical trajectory. Those points are distributed in a 
diamond-like region surrounded by four black beelines. Any ix  out of this diamond-like region 
is a forbidden word, because its forward value 1( )
i
N
iH I
− ∉s x  and can not be generated by 
iteration. However, as shown in Fig.1(a), we can not describe the forbidden word region exactly 
by using the four black beelines. In other words, any vector 'x  which satisfies 1( ') NH I− ∉s x  
must be a forbidden word, but not every vector 'x  which satisfies 1( ') NH I− ∈s x can be 
generated by iteration. Furthermore, consider the forward value in two steps of 'x : 
1 1( ')H H− −s s x . Any vector 'x , which satisfies 
1 1( ') NH H I− − ∉s s x  with any symbolic vector 
sequence{ , }s s , is still a forbidden word. In Fig.1(b), the blue part is the forbidden word region 
NK . Any vector ' NK∈x  satisfies 1 1( ') NH H I− − ∉s s x  with any symbolic vector 
sequence{ , }s s . Obviously, this region can describe the forbidden word region better. 
   
(a)                                (b) 
Fig.1 The ergodic property of CML (N=2). The functions of the four black beelines are 
11 1 12 2 1b x b x+ = ± and 12 1 11 2 1b x b x+ = ± respectively, where ijb  is the element of a matrix B in 
the ith row and the jth column. The red points describe the dynamical trajectory and the blue part 
is the forbidden word region NK . 
The symbolic vector sequence 1{ , , , }n n n L+ +s s s"  is equivalent to the sub-region NJ  of NI . 
When the length of symbolic vector sequence L →∞ , the sub-region NJ  will converge to an 
vector with real values. According to the original contribution proposed in Refs.[6-7], Eq.2 is 
held.  
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−= s sx η" , η  is any vector in NI  and ( )nx  is the initial vector of the 
symbolic vector sequence 1{ , , , }n n n L+ +s s s" . If the corresponding sub-region NJ  belongs to the 
forbidden word region NK , then the symbolic vector sequence 1{ , , , }n n n L+ +s s s"  is a forbidden 
word. For any symbolic vector sequence 1{ }
M
i i=s , let region 
NJ  be the mapping of the region  
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. We can judge whether the symbolic vector sequence 1{ }
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is a forbidden word through the location of NJ . 
Let’s take the Logistic map based CML with 2 sites as an example. Encode the symbolic vector 
1 2( , )Tn ns s  as the symbol {0,1,2,3}nS ∈  :   
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The location of 2J  according to the rule 3
1
3
{ }i iS
H
=
−  is shown in Fig.2. When 2 2J K⊆ , the 
corresponding symbolic sequence 3 1{ }i iS =   can be judged as a forbidden word. The forbidden 
words 3 1{ }i iS =  in different coupling coefficients are shown in Tab.1. In Ref.[5], a different 
conclusion of the forbidden words 3 1{ }i iS =  is given. When 0.1ε = , the forbidden words 
1 2 3{ , , }S S S  are 010, 020, 100, 101, 102, 110, 111, 120, 122, 200, 201, 202, 210, 211, 220, 222, 
310, 320[]. However, as shown in Fig.2, the conclusion is not accurate and needs further 
improvement. 
 
Fig.2 The red part is the corresponding region 2J  of the symbolic sequence 3 1{ }i iS = . The 
symbolic sequence {2 0 3} is not judged as a forbidden word in Ref.[5]. However, as shown in 
Fig.2(b), 2 2J K⊆ . As a result, {2 0 3} must be a forbidden word. 
 
Tab1: Forbidden 3-block words with different coupling coefficients 
 
1 2 3{ , , }S S S  
0.1ε =  010  011  020  022  100  101  102  103  110  111  113  120  122  200  
201  202  203  210  211  220  222  223  310  320 
0.08ε =  010  011  020  022  100  101  102  103  110  111       120  122  200  
201  202  203  210  211  220  222       310  320 
0.06ε =  010       020       100  101  102       110  111       120  122  200  
201  202       210  211  220  222            
0.04ε =  100  101  102       110  111                 200  
 202                      222 
 Different dynamical systems have different dynamics. Dynamical characteristics of CML are 
determined by the coupling coefficient, when local dynamics :if I I→  is determined. There is 
one-to-one correspondence between the coupling coefficient and the symbolic vector sequence. 
For the Skewed map based CML, we can estimate the coupling coefficient from the symbolic 
vector sequence by using the word lifting method when the initial value is known[6]. As shown in 
Tab.1, there is correspondence between the forbidden word and the coupling coefficient. The total 
number of forbidden words is increasing when the coupling coefficient is increasing. Different 
coupling coefficients have different sets of forbidden words. Let’s also take the Logistic map 
based CML with 2 sites as an example. Suppose the coupling coefficient is 1ε . The corresponding 
forbidden word interval is 2 1( )K ε . CML generates the dynamical sequence 1( )εX  and 
symbolic vector sequence 1( )εS . According to Eq.(2), let’s recover the dynamical sequence with 
the estimation value 2ε  by using 1( )εS , and let the estimation sequence be 2( )εX . Obviously, 
2
2 1{ | ( ) ( )}Kε ε∈ ∈ =∅x x X x∩  because 1 2( ) ( )ε ε=X X  when 1 2ε ε= ; when 1 2ε ε≠ , 
2
2 1{ | ( ) ( )}Kε ε∈ ∈ ≠ ∅x x X x∩ . Let the value which belongs to  2( )εX  and 2 1( )K ε  be 
a forbidden word. Select the initial value 0 [0.18,0.04]
T=x randomly, and then generate 1( )εS  
with the coupling coefficient 1 0.51ε = . The relation between 2ε  and the total number of 
forbidden words is given in Fig.3. When 1 2ε ε= , the total number of the forbidden word is 0. 
When 2 1ε ε< , the total number is decreasing with the increase of 2ε . When 2 1ε ε> , the total 
number is increasing with the increase of 2ε .  
 Fig.3 The relation between 2ε  and the total number of forbidden words 30L = . 
In this paper, we study the applied symbolic vector dynamics of CML. Based on the original 
contribution proposed in Ref.[6], we study the ergodic property of CML. We analyze the relation 
between admissibility condition and control parameters, and then give a coupling coefficient 
estimation method based on the ergodic property. Both theoretical and experimental results show 
that we provide a natural analytical technique for understanding turbulences in CML. Many of our 
findings could be expanded to a wider range of application. 
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